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Additive and product properties of Drazin inverses of elements in a ring
Huihui Zhu, Jianlong Chen∗
Abstract: We study the Drazin inverses of the sum and product of two elements in
a ring. For Drazin invertible elements a and b such that a2b = aba and b2a = bab, it is
shown that ab is Drazin invertible and that a+ b is Drazin invertible if and only if 1+aDb
is Drazin invertible. Moreover, the formulae of (ab)D and (a + b)D are presented. Thus,
a generalization of the main result of Zhuang, Chen et al. (Linear Multilinear Algebra 60
(2012) 903-910) is given.
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1 Introduction
Throughout this paper, R is an associative ring with unity 1. The symbols RD, Rnil
denote, the sets of Drazin invertible elements, nilpotent elements of R, respectively. The
commutant of an element a ∈ R is defined as comm(a) = {x ∈ R : ax = xa}. An element
a ∈ R is Drazin invertible if there exists b ∈ R such that
b ∈ comm(a), bab = b, ak = ak+1b (1.1)
for some positive integer k. The such least k is called the Drazin index of a, denoted by
k = ind(a). If ind(a) = 1, then b is called the group inverse of a and denoted by a#.
The conditions in (1.1) are equivalent to
b ∈ comm(a), bab = b, a− a2b ∈ Rnil. (1.2)
Drazin [7] proved that if a is Drazin invertible and ab = ba, then aDb = baD. By api =
1− aaD we mean the spectral idempotent of a.
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The problem of Drazin inverse of the sum of two Drazin invertible elements was first
considered by Drazin in his celebrated paper [7]. It was proved that (a + b)D = aD + bD
under the condition that ab = ba = 0 in associative rings. It is well known that the
product ab of two commutative Drazin invertible elements a, b is Drazin invertible and
(ab)D = aDbD = bDaD in a ring. In 2011, Wei and Deng [12] considered the relations
between the Drazin inverses of A+B and 1+ADB for two commutative complex matrices
A and B. For two commutative Drazin invertible elements a, b ∈ R,Zhuang, Chen et
al. [16] proved that a + b is Drazin invertible if and only if 1 + aDb is Drazin invertible.
Moreover, the representation of (a+b)D was obtained. More results on Drazin inverse can
be found in [1-6,8,11-16].
For any elements a, b ∈ R, ab = ba implies that a2b = aba and b2a = bab. However,
the converse need not be true. For example, take
a =

 1 0
0 0

, b =

 0 0
1 0

.
It is easy to get a2b = aba and b2a = bab. However, ab 6= ba. Under the conditions
P 2Q = PQP and Q2P = QPQ, Liu, Wu and Yu [9] characterized the relations between
the Drazin inverses of P + Q and 1 + PDQ for complex matrices P and Q by using the
methods of splitting complex matrices into blocks. In this paper, we extend the results in
[9] to a ring R. For a, b ∈ RD, it is shown that ab ∈ RD and that a+ b ∈ RD if and only if
1+aDb ∈ RD under the conditions a2b = aba and b2a = bab. Moreover, the expressions of
(ab)D and (a+ b)D are presented. Consequently, some results in [9,12,16] can be deduced
from our results.
2 Some lemmas
In this section, we start with some useful lemmas.
Lemma 2.1. Let a, b ∈ R with a2b = aba. Then for any positive integer i, the following
hold:
(1) ai+1b = aiba = abai, a2ib = aibai, (2.1)
(2) (ab)i = aibi. (2.2)
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Proof. (1) Since a2b = aba, we have ai+1b = ai−1a2b = ai−1aba = aiba. This shows that
aib ∈ comm(a) and aib ∈ comm(ai).
From ab ∈ comm(a), it follows that ab ∈ comm(ai), i.e., abai = ai+1b. Thus, ai+1b =
aiba = abai.
Therefore, we also obtain a2ib = aibai by aib ∈ comm(ai).
(2) follows by induction.
Lemma 2.2. Let a, b ∈ R with a2b = aba and b2a = bab.
(1) If a or b is nilpotent, then ab and ba are nilpotent.
(2) If a and b are nilpotent, then a+ b is nilpotent.
Proof. (1) By Lemma 2.1(2).
(2) Note that (a + b)k =
k−1∑
i=0
Cik−1(a
k−ibi + bk−iai) in [9]. We have (a + b)k = 0 by
taking k = ind(a) + ind(b).
Lemma 2.3. Let a, b ∈ R with a2b = aba and b2a = bab. If a ∈ RD, then
(1) (aD)2b = aDbaD, (2.3)
(2) b2aD = baDb. (2.4)
Proof. (1) Since a2b = aba, we have ab ∈ comm(aD) by [7, Theorem 1]. Hence,
(aD)2b = (aD)2aDab = (aD)2abaD = aDbaD.
(2) Note that ab ∈ comm(aD). It follows that
b2aD = b2a(aD)2 = bab(aD)2 = b(aD)2ab = baDb.
Lemma 2.4. Let a, b ∈ RD with a2b = aba and b2a = bab. Then
(1) {ab, aDb, abD, aDbD} ⊆ comm(a), (2.5)
(2) {ba, bDa, baD, bDaD} ⊆ comm(b). (2.6)
Proof. It is enough to prove (1) since we can obtain (2) by the symmetry of a and b.
(1) By hypothesis, we obtain ab ∈ comm(a) and
aaDb = (aD)2a2b = (aD)2aba = aDba.
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Since ba ∈ comm(b) implies that ba ∈ comm(bD), it follows that
abDa = a(bD)2ba = aba(bD)2 = a2b(bD)2 = a2bD.
Note that abDa = a2bD. We get
aaDbD = (aD)2a2bD = (aD)2abDa = aDbDa.
Lemma 2.5. Let a, b ∈ RD and ξ = 1 + aDb. If a2b = aba and b2a = bab, then
{a, aD, ab, aDb, abD, aDbD} ⊆ comm(ξ). (2.7)
Proof. Since aDb ∈ comm(a), we have a ∈ comm(ξ). By [7, Theorem 1], aD ∈ comm(ξ).
Observing that (aDb)ab
(2.5)
= a(aDb)b = aD(ab)b = ab(aDb), it follows that ab ∈
comm(ξ).
Similarly, aDb, abD, aDbD ∈ comm(ξ).
Hence, {a, aD, ab, aDb, abD, aDbD} ⊆ comm(ξ).
Lemma 2.6. Let a, b ∈ RD with a2b = aba and b2a = bab. Then for any positive integer
i, the following hold:
(1) abDbDa = (abD)2 = a2(bD)2, (2.8)
(2) (abD)i+1 = abD(bDa)i = ai+1(bD)i+1, (2.9)
(3) (aDb)i+1 = aDb(baD)i = (aD)i+1bi+1, (2.10)
(4) baDaDb = (baD)2 = b2(aD)2, (2.11)
(5) (baD)i+1 = baD(aDb)i = bi+1(aD)i+1, (2.12)
(6) (bDa)i+1 = bDa(abD)i = (bD)i+1ai+1. (2.13)
Proof. It is sufficient to prove (1)-(3).
(1) We have
abDbDa = abD(bDa)
(2.6)
= a(bDa)bD = (abD)2.
According to Lemma 2.4, we get
abDbDa = abD(abD)
(2.5)
= a(abD)bD = a2(bD)2.
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(2) It is just (1) for i = 1. Assume that the equality holds for i = k, i.e.,
(abD)k+1 = abD(bDa)k = ak+1(bD)k+1.
For i = k + 1,
(abD)k+2 = abD(abD)k+1 = abDabD(bDa)k
(2.8)
= abDbDa(bDa)k = abD(bDa)k+1
and
(abD)k+2 = abD(abD)k+1 = abDak+1(bD)k+1
(2.5)
= ak+1abD(bD)k+1 = ak+2(bD)k+2.
Thus, (2) holds for any positive integer i.
(3) Its proof is similar to (2).
Lemma 2.7. Let a, b ∈ RD with a2b = aba and b2a = bab. If a1 = b
piapib and a2 = bb
Daapi,
then a1 − a2 is nilpotent.
Proof. Firstly, we prove a1 = b
piapib is nilpotent. According to Lemma 2.6, we have the
following equalities
bpibapib = b2bpiapi (2.14)
and
bapibpi = bbpiapi. (2.15)
Hence, we obtain
(bpiapib)3 = bpiapi(bbpiapib)bpiapib
(2.14)
= bpiapi(bpib2api)bpiapib
= bpiapibpi(b2apibpi)apib
(2.15)
= bpiapibpi(b2bpiapi)apib
= bpiapi(bbpi)2apiapib = bpiapi(bbpi)2apib.
By induction, (bpiapib)n+1 = bpiapi(bbpi)napib. Since bbpi is nilpotent, bpiapib = a1 is
nilpotent.
Secondly, we show that a2 = bb
Daapi is nilpotent. As
(bbDaapi)2 = (bbDaapi)(bbDaapi) = bbDa(1− aaD)bbDa(1− aaD)
= bbD(1− aaD)abbDa(1− aaD)
(2.5)
= bbDab(1− aaD)bDa(1− aaD)
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(2.6)
= bbbDa(1− aaD)bDa(1− aaD)
= bbbD(1− aaD)abDa(1− aaD)
(2.5)
= bbbDabD(1− aaD)a(1− aaD)
(2.6)
= bbbDbDa(1− aaD)a(1− aaD)
= bbDa(1− aaD)a(1− aaD)
= bbD(aapi)2,
by induction, (bbDaapi)n = bbD(aapi)n. Since aapi is nilpotent, bbDaapi = a2 is nilpotent.
Finally, we prove that a1 − a2 is nilpotent.
Since
a21a2 = b
piapibbpiapibbbDaapi
(2.6)
= bpiapibbpib2bDaapi = 0
and
a2a1 = bb
Daapibpiapib = bbDapi(abpi)apib
(2.5)
= bbD(abpi)apiapib = bbD(abpi)apib
= b(bDa)bpiapib
(2.6)
= bbpi(bDa)apib
= 0,
we have a21a2 = a1a2a1 = 0 and a
2
2a1 = a2a1a2 = 0.
As a1 and a2 are nilpotent, b
piapib−bbDaapi = a1−a2 is nilpotent by Lemma 2.2(2).
Lemma 2.8. Let a, b ∈ RD with a2b = aba and b2a = bab and ξ = 1+aDb ∈ RD. Suppose
b1 = aξξ
pi + ξDaapi and b2 = b
piapib− bbDaapi. Then b1 + b2 is nilpotent.
Proof. Since aξξpi, ξDaapi are nilpotent and aξξpi commutes with ξDaapi, it follows that
b1 = aξξ
pi + ξDaapi is nilpotent. By Lemma 2.7, a1 − a2 = b2 is nilpotent.
First we give two useful equalities
aapibbpia = apiabpi(ba)
(2.6)
= api(ab)abpi
(2.5)
= a2apibbpi (2.16)
and
babpiapiba
(2.5)
= bapiabpiba = bapi(abbpi)a
(2.5)
= b(abbpi)apia = (ba)bbpiaapi
(2.6)
= b2bpia2api. (2.17)
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According to Lemma 2.5, we have
b21b2 = (aξξ
pi + ξDaapi)2(bpiapib− bbDaapi)
(2.7)
= (a2ξ2ξpi + (ξD)2a2api)(bpiapib− bbDaapi)
= a2ξ2ξpibpiapib− a2ξ2ξpibbDaapi + (ξD)2a2apibpiapib− (ξD)2a2apibbDaapi
(2.7)
= a2apiξ2ξpibbpi − a3apiξ2ξpibbD + (ξD)2a2apibbpi − (ξD)2a3apibbD.
By Lemma 2.4 and Lemma 2.5, we obtain
b1b2b1 = (aξξ
pi + ξDaapi)(bpiapib− bbDaapi)(aξξpi + ξDaapi)
= (aξξpibpiapib− aξξpibbDaapi + ξDaapibpiapib− ξDa2apibbD)(aξξpi + ξDaapi)
= aξξpibpiapibaξξpi − aξξpibbDaapiaξξpi + ξDaapibpiapibaξξpi − ξDa2apibbDaξξpi
+aξξpibpiapibξDaapi − aξξpibbDaapiξDaapi + ξDaapibpiapibξDaapi − ξDa2apibbDξDaapi
(2.7)
= aξξpiaξξpibpiapib− aξξpiaapiaξξpibbD + ξDaapiapiaξξpibpib− ξDa2apiaξξpibbD
+aξξpiapiξDaapibpib− aξξpiaapiξDaapibbD + ξDaapiapiξDaapibpib− ξDa2apiξDaapibbD
(2.16)
= a2apiξ2ξpibbpi − a3apiξ2ξpibbD + (ξD)2a2apibbpi − (ξD)2a3apibbD.
Hence, b21b2 = b1b2b1.
In view of Lemma 2.7 and bDbpi = 0, we have
b22b1 = (b
piapib− bbDaapi)2(aξξpi + ξDaapi)
(2.6)
= (bpiapib2bpiapi − bpiapib2bDaapi + bbDa2api)(aξξpi + ξDaapi)
= bpiapib2bpiaapiξξpi − bpiapib2bDaapiaξξpi + b2bDa2apiaξξpi
+bpiapib2bpiapiξDaapi − bpiapib2bDaapiξDaapi + bbDa2apiξDaapi
(2.7)
= bpiapib2bpiaapiξξpi − bpiapib2bDa2apiξξpi + b2bDa3apiξξpi
+bpiapib2bpiaapiξD − bpiapib2bDa2apiξD + bbDa3apiξD,
and
b2b1b2 = (b
piapib− bbDaapi)(aξξpi + ξDaapi)(bpiapib− bbDaapi)
(2.7)
= (bpiapibaξξpi + bpiapibaapiξD − bbDa2apiξξpi − bbDa2apiξD)(bpiapib− bbDaapi)
= bpiapibaξξpibpiapib+ bpiapibaapiξDbpiapib− bbDa2apiξξpibpiapib
7
−bbDa2apiξDbpiapib− bpiapibaξξpibbDaapi − bpiapibaapiξDbbDaapi
+bbDa2apiξξpibbDaapi + bbDa2apiξDbbDaapi
(2.6)
= bpiapibaξξpibpiapib+ bpiapibaapiξDbpiapib− bbDbpia2apiξξpiapib
−bbDbpia2apiξDapib− bpiapibaξξpibbDaapi − bpiapibaapiξDbbDaapi
+bbDa2apiξξpibbDaapi + bbDa2apiξDbbDaapi
= bpiapibaξξpibpiapib+ bpiapibaapiξDbpiapib− bpiapibaξξpibbDaapi
−bpiapibaapiξDbbDaapi + bbDa2apiξξpibbDaapi + bbDa2apiξDbbDaapi
(2.17)
= bpiapib2bpiaapiξξpi − bpiapib2bDa2apiξξpi + b2bDa3apiξξpi
+bpiapib2bpiaapiξD − bpiapib2bDa2apiξD + bbDa3apiξD.
Therefore, b22b1 = b2b1b2.
By Lemma 2.2(2), it follows that b1 + b2 is nilpotent.
3 Main results
In this section, we consider the formulae on the Drazin inverses of the product and sum
of two elements of R.
Theorem 3.1. Let a, b ∈ RD with a2b = aba and b2a = bab. Then ab ∈ RD and
(ab)D = aDbD.
Proof. Let x = aDbD. We prove that x is the Drazin inverse of ab by showing the following
results: (1) (ab)x = x(ab); (2) x(ab)x = x; (3) (ab)k = (ab)k+1x for some positive integer
k.
(1) Note that a(ab) = (ab)a implies (ab)aD = aD(ab). It follows that
(ab)x = (ab)aDbD
(2.5)
= aDabbD
= a(aDbD)b
(2.5)
= aDbDab
= x(ab).
(2) We calculate directly that
x(ab)x = (aDbD)abaDbD
(2.5)
= a(aDbD)baDbD = aaDb(bDaD)bD
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= aaD(bDaD)bbD = a(aDbD)aDbbD
(2.5)
= aaD(aDbD)bbD
= x.
(3) Take k = max{ind(a), ind(b)}. Then
(ab)k+1x = (ab)k+1aDbD = aD(ab)k+1bD
(2.2)
= aDak+1bk+1bD = akbk
(2.2)
= (ab)k.
Hence, (ab)D = aDbD.
Remark 3.2. In [16, Lemma 2], for a, b ∈ RD with ab = ba, it is proved that (ab)D =
aDbD = bDaD. However, in Theorem 3.1, (ab)D = aDbD 6= bDaD. Such as, take a =
 1 0
1 0

 and b =

 1 0
0 0

. By calculations, we obtain a2b = aba and b2 = bab, but
aDbD 6= bDaD.
Theorem 3.3. Let a, b ∈ RD. If a2b = aba, b2a = bab and ind(a) = s, then a + b is
Drazin invertible if and only if 1 + aDb is Drazin invertible. Moreover, we have
(a+ b)D = aD(1 + aDb)D + apib[aD(1 + aDb)D]2 +
s−1∑
i=0
(bD)i+1(−a)iapi
+bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi,
and (1 + aDb)D = api + a2aD(a+ b)D.
Proof. Suppose that a+ b is Drazin invertible. We prove that 1+aDb is Drazin invertible.
Write 1 + aDb = a1 + b1, where a1 = a
pi, b1 = a
D(a+ b).
Note that (aD)2(a+ b) = aD(a+ b)aD and (a+ b)2aD = (a+ b)aD(a+ b). By Theorem
3.1, it follows that aD(a+ b) = b1 is Drazin invertible and
(b1)
D = [aD(a+ b)]D = (aD)D(a+ b)D = a2aD(a+ b)D.
From Lemma 2.4, we obtain that aDb commutes with aaD. Hence, aD(a + b) ∈
comm(api) and a1b1 = b1a1 = 0. By [7, Corollary 1], it follows that (1 + a
Db)D =
api + a2aD(a+ b)D.
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Conversely, let ξ = 1 + aDb be Drazin invertible and
x = aDξD + apib(aDξD)2 +
s−1∑
i=0
(bD)i+1(−a)iapi + bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi
= x1 + x2,
where x1 = a
DξD + apib(aDξD)2, x2 =
s−1∑
i=0
(bD)i+1(−a)iapi + bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi.
According to aD ∈ comm(ξD) and (baD)i = bi(aD)i, we have
(a+ b)apib(aD)2 = (a+ b)(1− aaD)b(aD)2 = (a− a2aD + b− baaD)b(aD)2
= ab(aD)2 − a2aDb(aD)2 + b2(aD)2 − baaDb(aD)2
= (aD)2ab− a2(aD)2aDb+ b2(aD)2 − ba(aD)2aDb
= b2(aD)2 − b(aD)2b
(2.6)
= b2(aD)2 − (baD)2
(2.11)
= 0.
Thus, (a+ b)apib(aDξD)2 = 0.
Similarly, (a+ b)bpia(bD)2 = 0. Hence, (a+ b)bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi = 0.
Next, we show that x is the Drazin inverse of (a+ b) in 3 steps.
Step 1. First we prove that x(a + b) = (a + b)x. Put y1 = (a + b)a
DξD and y2 =
(a+ b)
s−1∑
i=0
(bD)i+1(−a)iapi. Then we have
(a+ b)x = (a+ b)[aDξD + apib(aDξD)2 +
s−1∑
i=0
(bD)i+1(−a)iapi
+bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi]
= (a+ b)[aDξD +
s−1∑
i=0
(bD)i+1(−a)iapi]
= y1 + y2.
Second we show that x1(a+ b) = y1 and x2(a+ b) = y2.
Since aDξD = ξDaD, we get
x1(a+ b) = [a
DξD + apib(aD(ξD)2](a+ b)
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(2.5)
= aD(a+ b)ξD + apib(aD)2(a+ b)(ξD)2
= aD(a+ b)ξD + (apibaD + apibaDaDb)(ξD)2
= aD(a+ b)ξD + apibaDξ(ξD)2
= aD(a+ b)ξD + apibaDξD
= (aDa+ aDb+ baD − aaDbaD)ξD
= (a+ b)aDξD
= y1.
By induction,
bbD(abD)i = (bbDabD)i = (bDa)i. (3.1)
Note that asapi = 0 and
bDapib = bD(1− aaD)b = bbD − (bDaD)ba
(2.6)
= bbD − bbDaDa
= bbDapi. (3.2)
We have
x2(a+ b)− y2 = [
s−1∑
i=0
(bD)i+1(−a)iapi + bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi](a+ b)
−(a+ b)
s−1∑
i=0
(bD)i+1(−a)iapi
= −
s−1∑
i=0
(bD)i+1(−a)i+1api +
s−1∑
i=0
(bD)i+1(−a)iapib− bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)i+1api
+bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapib− (a+ b)
s−1∑
i=0
(bD)i+1(−a)iapi
= −
s−1∑
i=0
(−bDa)i+1api +
s−1∑
i=0
bD(−bDa)iapib− bpiabD
s−2∑
i=0
(i+ 1)(−bDa)ibDapib
+bpia(bD)2
s−2∑
i=0
(i+ 1)(−bDa)iapib− a
s−1∑
i=0
(bD)i+1(−a)iapi − b
s−1∑
i=0
(bD)i+1(−a)iapi
(3.2)
= −
s−1∑
i=0
(−bDa)i+1api +
s−1∑
i=0
(−bDa)ibbDapi + bpi
s−2∑
i=0
(i+ 1)(−abD)i+2api
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−bpi
s−2∑
i=0
(i+ 1)(−abD)i+1bbDapi +
s−1∑
i=0
(−abD)i+1api −
s−1∑
i=0
(−bDa)ibbDapi
= −
s−1∑
i=0
(−bDa)i+1api +
s−1∑
i=0
(−abD)i+1api + bpi[
s−2∑
i=0
(i+ 1)(−abD)i+2api
−
s−2∑
i=0
(i+ 1)(−abD)i+1api]
= −
s−1∑
i=0
(−bDa)i+1api +
s−1∑
i=0
(−abD)i+1api − bpi
s−1∑
i=1
(−abD)iapi
= −
s−1∑
i=0
(−bDa)i+1api + bbD
s−1∑
i=1
(−abD)iapi
(3.1)
= −
s−1∑
i=0
(−bDa)i+1api +
s−1∑
i=1
(−bbDabD)iapi
= −
s−1∑
i=0
(−bDa)i+1api +
s−1∑
i=1
(−bDa)iapi
= −
s∑
i=1
(−bDa)iapi +
s−1∑
i=1
(−bDa)iapi
= −
s−1∑
i=1
(−bDa)iapi − (−bDa)sapi +
s−1∑
i=1
(−bDa)iapi
(2.13)
= −
s−1∑
i=1
(−bDa)iapi − (−bD)sasapi +
s−1∑
i=1
(−bDa)iapi
= 0.
Hence, x2(a+ b) = y2. It follows that x(a+ b) = (a+ b)x.
Step 2. We show that x(a+ b)x = x. Note that a+ b = aξ + apib. We have
x(a+ b)x = x(a+ b)[aDξD +
s−1∑
i=0
(bD)i+1(−a)iapi]
= (a+ b)[aDξD +
s−1∑
i=0
(bD)i+1(−a)iapi][aDξD +
s−1∑
i=0
(bD)i+1(−a)iapi]
= (a+ b)(aDξD)2 + (a+ b)aDξD
s−1∑
i=0
(bD)i+1(−a)iapi
+(a+ b)
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
= z1 + z2 + z3,
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where z1 = (a+ b)(a
DξD)2, z2 = (a+ b)a
DξD
s−1∑
i=0
(bD)i+1(−a)iapi and
z3 = (a+ b)
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi.
Now we prove that z1 + z2 + z3 = x.
Firstly, we have
z1 = (a+ b)(a
DξD)2 = (aξ + apib)(aDξD)2
= aξ(aDξD)2 + apib(aDξD)2
(2.5)
= aDξD + apib(aDξD)2,
z2 = (a+ b)a
DξD
s−1∑
i=0
(bD)i+1(−a)iapi
= ξDaaD
s−1∑
i=0
(bD)i+1(−a)iapi + bξDaD
s−1∑
i=0
(bD)i+1(−a)iapi
= ξD
s−1∑
i=0
aDabD(−bDa)iapi + bξD
s−1∑
i=0
(aD)2abD(−bDa)iapi
(2.9)
= −ξD
s−1∑
i=0
aD(−abD)i+1api − bξD
s−1∑
i=0
(aD)2(−abD)i+1api
(2.5)
= −ξD
s−1∑
i=0
(−abD)i+1aDapi − bξD
s−1∑
i=0
(−abD)i+1(aD)2api
= 0.
Secondly, we show that
z3 =
s−1∑
i=0
(bD)i+1(−a)iapi + bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi. (3.3)
Indeed, we have
z3 = (a+ b)
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
= b
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi + a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
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= [bbDapi +
s−1∑
i=1
(−bDa)iapi]
s−1∑
i=0
(bD)i+1(−a)iapi + a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
= bbD
s−1∑
i=0
(bD)i+1(−a)iapi − bbDaaD
s−1∑
i=0
(bD)i+1(−a)iapi +
s−1∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
+a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
=
s−1∑
i=0
(bD)i+1(−a)iapi − bbDaaD
s−1∑
i=0
(bD)i+1(−a)iapi +
s−1∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
+a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
=
s−1∑
i=0
(bD)i+1(−a)iapi + bbD
s−1∑
i=0
(−abD)i+1aDapi +
s−1∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
+a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
=
s−1∑
i=0
(bD)i+1(−a)iapi +
s−1∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
+a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
=
s−1∑
i=0
(bD)i+1(−a)iapi +m1 +m2,
where
m1 =
s−1∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi,
m2 = a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi.
In view of the equality (3.3), it is enough to prove that
m1 +m2 = b
pia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi.
Since
bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi = (1− bbD)a
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi
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= a
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi − bbDa
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi,
we only need to show
m1 = −bb
Da
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi,
m2 = a
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi.
Since asapi = 0 and bbD commutes with bDa, we get
m1 =
s−1∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi =
s∑
i=1
(−bDa)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
(2.6)
=
s∑
i=1
(−bbDbDa)iapi
s−1∑
i=0
(−bDa)ibDapi = bbD
s∑
i=1
(−bDa)iapi
s−1∑
i=0
(−bDa)ibDapi
= −bbD
s∑
i=1
(−bDa)i−1bDaapi
s−1∑
i=0
(−bDa)ibDapi
(2.6)
= −bbD
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)i(bDaapi)bDapi
= −bbD
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)ibD(bDaapi)api
= −bbD
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)i(bD)2aapi
(2.6)
= −bbD(bD)2a
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)iapi
(2.6)
= −b(bD)2abD
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)iapi
(2.6)
= −bbDa(bD)2
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)iapi
= −bbDa(bD)2
s−2∑
i=0
(i+ 1)(−bDa)iapi
(2.13)
= −bbDa
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi.
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Similarly,
m2 = a
s−1∑
i=0
(bD)i+1(−a)iapi
s−1∑
i=0
(bD)i+1(−a)iapi
(2.6)
= a
s−1∑
i=0
(−bDa)ibDapi
s−1∑
i=0
(−bDa)ibDapi
(2.6)
= a
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)ibDapibDapi
(2.6)
= a
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)ibDbDapiapi
= a
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)i(bD)2api
(2.6)
= a(bD)2
s−1∑
i=0
(−bDa)i
s−1∑
i=0
(−bDa)iapi
= a(bD)2
s−2∑
i=0
(i+ 1)(−bDa)iapi
(2.13)
= a(bD)2
s−2∑
i=0
(i+ 1)(bD)i(−a)iapi
= a
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi.
Thus,
z3 =
s−1∑
i=0
(bD)i+1(−a)iapi + bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi.
Therefore, x(a+ b)x = x.
Step 3. We prove that (a+ b)− (a+ b)2x is nilpotent.
Note that the proof of step 1. We have
(a+ b)− (a+ b)2x = (a+ b)− [aDξD +
s−1∑
i=0
(bD)i+1(−a)iapi](a+ b)2
(2.5)
= (a+ b)− ξDaD(a+ b)2 −
s−1∑
i=0
(bD)i+1(−a)iapi(a+ b)2
= (a+ b)− ξDa(aD(a+ b))2 −
s−1∑
i=0
(bD)i+1(−a)iapi(a2 + ab+ ba+ b2)
= aξ + apib− ξDa(ξ − api)2 −
s−1∑
i=0
(bD)i+1(−a)iapia2
−
s−1∑
i=0
(bD)i+1(−a)iapiab−
s−1∑
i=0
(bD)i+1(−a)iapiba
−
s−1∑
i=0
(bD)i+1(−a)iapib2
(2.13)
= aξ + apib− ξDa(ξ2 − api) +
s−1∑
i=0
(−bDa)i+1aapi +
s−1∑
i=0
(−bDa)i+1apib
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−s−1∑
i=0
(−bDa)ibDapiba−
s−1∑
i=0
bD(−bDa)iapib2
(3.2)
= aξ + apib− ξDa(ξ2 − api) +
s−1∑
i=0
(−bDa)i+1aapi +
s−1∑
i=0
(−bDa)i+1apib
−
s−1∑
i=0
(−bDa)ibbDaapi −
s−1∑
i=0
bD(−bDa)iapib2
= aξ + apib− ξDa(ξ2 − api)− bbDaapi +
s−1∑
i=0
(−bDa)i+1apib
−
s−1∑
i=0
bD(−bDa)iapib2
(2.6)
= aξ + apib− ξDa(ξ2 − api)− bbDaapi +
s−1∑
i=0
(−bDa)i+1apib
−
s−1∑
i=0
(−bDa)ibDapib2
(3.2)
= aξ + apib− ξDa(ξ2 − api)− bbDaapi +
s−1∑
i=0
(−bDa)i+1apib
−
s−1∑
i=0
(−bDa)ibbDapib
(2.6)
= aξ + apib− ξDa(ξ2 − api)− bbDaapi +
s−1∑
i=0
(−bDa)i+1apib
−
s−1∑
i=0
bbD(−bDa)iapib
= aξ + apib− ξDaξ2 + ξDaapi − bbDaapi − bbDapib
= (aξ − ξDaξ2) + ξDaapi + (apib− bbDapib)− bbDaapi
= aξξpi + ξDaapi + bpiapib− bbDaapi
= b1 + b2.
By Lemma 2.8, (a+ b)− (a+ b)2x = b1 + b2 is nilpotent.
The proof is completed.
Corollary 3.4. [16,Theorem 3] Let a, b ∈ RD with ab = ba. Then a+b is Drazin invertible
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if and only if 1 + aDb is Drazin invertible. In this case, we have
(a+ b)D = (1 + aDb)DaD + bD(1 + aapibD)−1api
= aD(1 + aDb)DbbD + bpi(1 + bbpiaD)−1 + bD(1 + aapibD)−1api,
and
(1 + aDb)D = api + a2aD(a+ b)D.
Proof. Since ab = ba, we have a, b, aD and bD commute with each other. Hence, it follows
that apib[aD(1 + aDb)D]2 = 0 and bpia
s−2∑
i=0
(i+ 1)(bD)i+2(−a)iapi = 0, where s = ind(a).
Since aapibD is nilpotent, 1 + aapibD is invertible and
(1 + aapibD)−1 = 1 + (−aapibD) + (−aapibD)2 + · · ·+ (−aapibD)s−1
=
s−1∑
i=0
(−bDaapi)i.
We have
bD(1 + aapibD)−1api = bD
s−1∑
i=0
(−bDaapi)iapi = bD
s−1∑
i=0
(bD)i(−a)iapi
=
s−1∑
i=0
(bD)i+1(−a)iapi.
Therefore, (a+ b)D = (1 + aDb)DaD + bD(1 + aapibD)−1api.
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